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1. INTRODUCTION 
The task of obtaining an analytic approximation for the periodic solution 
of a nonlinear differential equation of the form 
u” + t4 + l g(u, u’) = 0, u(0) = b, u’(0) = 0, (1) 
requires, as is well known, a certain amount of care and ingenuity. A straight- 
forward perturbation expansion of the form 
u = b cos t+ Et+) + l 2u2(t) + a*-, (2) 
necessarily introduces secular terms since the period of the solution of the 
original equation differs from the period of the solution of the linear equation 
obtained upon setting E = 0. The example 
u” + (1 + l )” U = 0, 
with the solution 
u(0) = 1, u’(0) = 0, (3) 
u=cos(l+~)t=~~~t-•Etsint+***, 
illustrates this quite simply. 
(4) 
On the other hand, as we shall show below, if we know in advance what 
kind of a periodic solution to look for, we can use the expansion in (3) to 
obtain the desired periodic solution to an arbitrary accuracy. From this 
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point of view, the method we employ is related to the Bubnov-Galerkin 
method. Essentially, a “good” approximation, suitably defined, must be a 
valid approximation. 
2. THE NONLINEAR SPRING 
To illustrate a new approach, let us consider the equation 
u” + u + al3 = 0, u(0) = b, u’(0) = 0. (5) 
A change of variable u = ba permits us to take b = 1. The expansion of 
(3) leads to the equations 
24; + 241 + (cos t)” = 0, q(0) = u;(o) = 0, 
(6) 
u; + u2 + 3(cos ty u1 = 0, 242(O) = u;(o) = 0, 
and so forth. A straightforward calculation yields 
cos 3t 3t sin t cos t 
Ul = 32 -- 8 -32’ (7) 
exhibiting the secular term -3t sin t/8. 
Since we know that we are looking for a periodic solution with a period 
of the form 1 + bie + ..., let us employ a. “tucking-in” technique to 
eliminate this undesired secular term. In place of the expression 
cost+< cos 3t 3t sin t cos t ( 1 
32------ 8 32 
, 
let us write 
(1 - 5) cos (1 + +-) t + 2 cos 3 (1 + +) t, 
(8) 
(9) 
which agrees with (8) to terms which are O(e2). Since we know that the 
solution of (5) possesses a solution of the form of (3) valid in 0 < t < 27r for 
small 1 E I, which means that 1 u - cos t - au,(t)1 < cr~a for 0 < t < 27r, 
we can assert that 
1 u(t) - (I - $) cos (1 + $-) t + 2 cos 3 (1 + 4) t I < c22 (10) 
for 0 < t < 27r, and actually in an interval covering one period of u(t). 
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With the aid of this inequality we can obtain an estimate for the period 
of the periodic solution of (5), together with its amplitude, valid to O(G). 
Using the higher-order terms in the expansion of (3), we can obtain more 
accurate estimates for the period and for the coefficients of the higher 
harmonics in the expansion 
co 
u(t) = c U,(E) cos kwt, (11) 
k=l 
where w = 1 + W+ + W$ + *em. 
3. THE VAN DRR POL EQUATION 
Consider next the application of this technique to the Van der Pol 
equation 
I(” + ‘(24” - 1) u’ + 11 = 0, u(0) = b, u’(0) = 0. 
We have 
u~+u,-~(b2cos2t-l)sint=O. 
We thus obtain 
I 
t 
u1 = b sin(t - tl) sin t,[b2 cos2 t, - l] dt, 
0 
= b sin t[S **a ] + b cos t[J --* 1. 
We have a possible secular term arising from the second integral 
I 
t (b2 cos2 t, - 1) sin2 trdt, , 
0 
which yields 
t 
I 
2n (b2 
2rr, 
cos2 t, - 1) sin2 t,dt, + periodic terms. 
If we are looking for a solution which is periodic and of the form 
a(e) cos W(C) t + higher harmonics, 
(12) 
(13) 
(14) 
(15) 
(16) 
(17) 
where a(e) = b + blc + es., O(E) = 1 + WOE + *me, we see that the only way 
in which this can arise is by setting the coefficient of t equal to zero. There 
is no way of getting a term of the form ct cos t from (6). 
The condition J’ (b2 cos2 t, - 1) sin2 tl dtl = 0 is the familiar condition 
for the determinati& of the amplitude of the periodic solution when / E ( 
is small. 
